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FUNCTION  OF  AMBIGUITY  OF  RANDOM  SIGNALS 
A.  F.  Terpugov,  V.  A.  Tolstunov 


. 
. 

the  coti:eot  of  the 
of  obtained  formulas 

is  demonstrated  with  two  specific  signals  serving  as  an  example. 

The  Woodward  ambiguity  function,  which  plays  ar.  important  role 
in  radar  theory,  was  obtained  tor  the  case  of  determined  signals, 
where  interfering  noise  is  white  and  Gaussian  . Wide-hand  random  and 
pseudorandom  signals  have  recently  been  used  in  radar.  The 
possibility  of  compressing  such  signals  into  a very  narrow  pulse  in  a 


ABSTRACT  Prasented  is  a generalization  of 

ambiguity  function  for  random  signals.  The  use 
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receiver  has  roads  it  possible,  specifically,  to  resolve  the 
contradiction  between  the  range  of  action  aril  resolution  and  to 
provide  emission  secrecy.  For  this  reason  the  problem  of  the 
ambiguity  function  of  random  signals  is  of  particular  interest. 

In  [ 1,  2]  one  possible  generalization  of  thp  ambiguity  function 
to  random  signals  is  presented.  Specifically  the  mathematical 
expectation  of  the  random  ambiguity  functions,  i.e.,  tie  mean  valu“ 
of  the  Woodward  ambiguity  function,  written  for  a fixed  realization 
of  the  transmitted  signal,  is  used  as  the  ambiguity  function  of 
random  signals.  The  generalization  thus  induced  is  closely  related  to 
the  instrument  function  of  the  radar  set  and  has  a practical 
significance  as  the  measure  about  which  the  different  realizations  of 
the  ambiguity  function  of  the  random  signal  are  grouped  in  a 
statistical  sense.  Thus,  along  with  the  mean  value  we  must  consider 
the  dispersion  of  the  random  ambiguity  function,  which  introduces 
probability  ambiguity  into  the  determination  of  target  parameters. 
Moreover,  the  probability  sense  of  the  plotted  function  becomes 
insufficiently  clear. 

In  the  present  work  a different  approach  to  the  solution  of  this 
problem  is  proposed. 

Let  the  prone  signal  S (t)  be  a realization  of  a random  process 
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which  is  stored  in  the  radar  set  to  be  later  used  in  reception.  Let 

A 

us  assume  that  0 represents  the  parameters,  and  8 the  estimates  of 

A 

the  parameters  of  this  signal.  If  p (0/8)  is  the  conditional  density 
of  the  probabilities  of  estimates  of  unknown  parameters,  then  in 
receiving  the  signal  in  normal  white  noise,  we  can  write  th^> 

expression  [3,  p.  149]: 

(1)  p (8/0)=Ce«<V>, 

A 

where  g (0,  8)  is  the  ambiguity  function,  q - signal/noise  ratio,  C - 
normalizing  cofaotor. 


If  the  shape  of  the  signal  is  known  (fixed  realization),  then 

p (0/8,  S)  =Ce«(®-e;s>. 

If  we  use  (1)  and  (2)  and  the  known  relationship 

oo 

p (0,  0)  - J p (0,  0/S)  p ( S ) dS, 

— OO 

then,  in  the  case  of  a weak  dependence  of  C on  S (which  generally 
occurs)  we  can  get  the  following  expression  for  the  ambiguity 
fu  notion: 

oo 

(3)  g (0.  0)=  -J-ln  / (S)  dS. 
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If  we  define  9 as  signal  delay  and  Doppler  frequency  shift,  then 


T—x  t 

<4)  g (t,  Q)  = In  J /T  J sm'v+xuw*  p(S)dS 


Here  T is  the  length  of  the  probe  pulse.  For  nonrandom  signals  (4)  is 
transformed  into  the  Woodward  ambiguity  function. 


It  should  be  mentioned  that  an  ambiguity  function  obtained  in 
this  form  is  not  convenient  for  practical  application,  since  it.  is 
not  always  possible  to  find  multidimensional  density  p(Si.  However, 
for  a broad  class  of  signals  function  (4|  acquires  a simpler  form. 


Let  us  examine  the  signals  whose  autocorrelation  functions 
rapidly  approach  zero  as  the  argument  grows  (this  case  is  the  most 
interesting  from  the  practical  standpoint).  Then  when  tha  signal  has 
a large  base  and  the  limitations  | 4 ] are  sufficiently  gsnaral,  the 

T- T 

law  of  distribution  of  quantity  z = | S (t)  S*  (t  + x)  eiSU  dt  -3n  be 

'o 

considered  approximately  normal.  Consequently,  if  we  shift  to  random 
quantities  u and  v,  so  that  z = u ♦ jv,  then 
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If  we  use  (5)  and  bear  in  mind  that  for  the  selected  class  of  signals 
ol  - and  ■ have  an  order  of  magnitude  of  T {see  the  appendix)  , then 

we  can  easily  represent  the  ambiguity  function  (4)  in  the  form  of 


(6) 


g (x,  Q)  = 


T a 


n2+ (l  + yiar)«2  ] jj-  ln{oua„i  1— r2X 

X V 4a2{$2— y!)  +• 


T*  (P2-vW)  ’ 


where 

„2=  ! ?_  ft2=  1 L 

2 (1 — r2)  a2  T”  P 2(l-r*)o2  T* 

_ r 

(1— r*)ouov‘ 

If  we  then  ignore  quantities  of  a greater  order  of  smallness,  then 
after  in  simple  transformations  we  get 

(7)  g (t,  £2)  = jr  [n2  + u2  + a 2 + a2  + (va,  + rauuf  J. 

In  the  limiting  case,  when  T expression  (7)  acquires  the  form 

of : 

(8)  g (x,  Q)  = -fr  (ui.+vi). 

Formulas  (7)  and  (8)  make  it  possible  to  rather  simply  calculate  the 


J 
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ambiguity  functions  of  random  signals.  Here  (8) , when  0=0, 


determines  the  autocorrelation  function  of  the  signal. 


As  an  exampLa  let  us  determine  the  ambiguity  function  of  a 


random  Gaussian  signal  with  au tocorrela ti on  function  R(tlf  t?) . rt  is 


quite  apparent  that 


i — v 

u=  j R ( t , / + x)  cos  £2 1 dt. 


v = j R (t,  / + x)  sin  £2  t dt. 


If  we  use  the  known  [5]  relationship  for  Gaussian  random  quantities 


SlS2S3S4=S|S2-S354  + SlS3'S2S4  + S|S4-S2Sj, 


then  we  find 


i — l 

al  = jj  R (tu  /2)  R (/i-Kt,  /2+t)  cos  £2/,  cos  Qt2dhdt2  * 


i —i 

+ jj  R (tu  /2  + x)  R (/i+x,  t2)cos  £2A  cos  Qt2dt\dt2, 


al  ==  j $ R (it,  t2)  R (/f+x,  /2+'t)  sin  £2/, , sin  Q.t2dtxdt2  + 


+ jj  R (tu  t2  + x)  R (/i+t,  /2)sin£2/|  sin  Qt^t^, 


r = — — Ml/?  h)  % (*i  +T*  /a  + x)  cos  £2/|  sin  £2 t2dt1dt.i  + 


+ \ J R (i\,  /2  + T)  R (t i +T,  t2)  cos  Q/i  sin  Qt2d/,dt2  . 


J 
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Now  let  us  select  for  the  sake  of  deformation  the  autocor relat ion 
function  of  the  signal  in  the  form  of 

l n-<.  l 

R(ti,  h)=e  tK  . 

where  tk'CI  is  the  correlation  integral. 

Then.  by  calculating  integrals  (9)  and  (10)  and  ignoring  terms  of  a 
greater  order  of  smallness,  w°  get 

«<T.  a)--Jr{r!",-JrSin>Jlii=!>  + 

(11) 

X 

As  one  might  expect,  the  ambiguity  function  depends  substantially  on 
the  correlation  interval,  where  the  lower  the  value  of  tk,  the 

better  the  form  acguired  by  g(r,  0)  . From  (11)  we  find  the  ambiguity 
function  section  with  plane  0=0 

(12,  *(,.o)-(i-g.)[(i+-g.),-''*+^], 

which,  when  T ■ is  transformed  into  the  autocorrelation  function  of 
the  signal. 


(T- 


_t)  +'  — - 

X>  + Q> 


(- 


x sin  0 (T— t) 
r + QT 


sin  9D  IT—  t) 


—nil 


Ksin  Qx 
Q 


+ 


2xk 

4+x*nj 


X 


1 
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As  another  example  let  us  look  at  a p has e- man ipu lat ed  signal, 
represented  by  a random  quantity,  which  with  equal  probability 
acquires  one  of  two  values  ±1.  Here  the  latter  sign  chanje  is 
described  by  the  Poisson  process  with  parameter 

A ( U , h)=  [k  (x)  dx. 

t, 

In  order  to  calculate  the  ambiguity  function  of  (7)  we  must  determine 
the  mean  value  of  the  products  S (t)  S (t  + r)  ,jnd  S (t,i  »S  (t  , *■ 
r)  «S  (t2)  X S (t*  ♦ r)  . 

Now  let  us  look  at  the  product  of  S (t)  S (t  ♦ r)  . It  is  eoual 
either  to  ♦ 1 or  to  -1,  depending  on  whether  the  number  of  transitions 
through  zero  on  the  interval  (t,  t + r)  is  even  or  oi,.  Tins, 


(13)  S (/)  S (t  + T)=P,  (/,  t + T)-P„(t,  / + T), 

where 

P,(<,  < + x)  = -y  [1  +e_2A“- ,+tl],  PH{t,  < + t)  = i 1 — e— 2A('-  ,+T)l 

represents  the  probabilities  of  the  even  and  odd  number  of 
transitions  through  zero,  respectively. 
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r) 


In  order  to  find 
S (t2)  S (t2  ♦ r)  , 


the  mean  value  A (t,  , t2  , r)  =5  (t,)  S (t,  * 
we  introduce  events  determined  by  the  following 


re  la  t ionsh  i ps: 


(14) 


< M. 

B\  — (f|  +T</2). 

Bi=  (/l+T>^2), 

C=(t  2>tl), 

C,  = (^2  + T>/|), 

Cl=  (/2  + t</l)  , 


where 


0</i,  /2<  T — t. 


These  events  can  be  regarded  as  ranlom,  or,  if  we  assume  that 
from  the  domain  0 < t,,  t2  < T - r random  quantities  A (t,,  t2,  r) 
are  arbitrarily  selected.  Then 

P[A  = ±\]=P  (B)[P  (A  = ±\/BBI)  P (BIB\)  +P  M = ±1/BB2)  P(B/B2)]  + 

(15)  P (C)  [P  (A  = ± 1)/CC,)  P (C/C,)+p  (A  = ± 1/CC2)  P (C/C2)]. 

Conditional  probioility  p (A  = 1/B3,)  is  represented  as  the  sum  of 
the  probabilities  of  all  such  combinations  of  values  of  the  signal  3 
for  which  A = 1,  and  we  examine  the  first  term 

P[S  (/,)  = !,  S (/|  +t)  = 1,  S (/,)  = !,  S (/2  + x)  =!//,</, +x<(2<^  + x]. 


L 
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Since  the  time  intervals  do  not  overlap,  and  the  appearance  of  +1  ol 
-1  does  not  depeni  on  the  number  of  possible  transitions  on  an 
interval,  then 

P IS  (*,)=»  1,  S (/,+x)  = 1,  S (/,)-!,  S (/2  + t)  = 1//,</,+t</2</2+t]= 

— Ph  (tx,  t\  +x)  P,  (/|  +T,  /2)  Ph  Ul.  ^2+t). 


Such  relationships  can  also  be  obtained  for  othar  farms.  Then, 
by  calculating  (15),  ve  get 


(16) 


P (j4  = ± 1) 


~ (2 ± e~2A<'-  '<  '«+*>],  /,</,  + t < tt  < h + t. 

■j-  [2  ± e -2A<»-  /,  < t2  < + x < t2  + T, 

\{2±e- 2A»* h>-2A«.+T. /,  +D],  < / , < t2  + T < /,  + r. 

[2  ± e-2A“-  «.+^-2A«- '■+'>],  t2  < 1 2 + x < U < t, + x. 


Further,  the  finding  of  the  ambiguity  function  with  (13)  and  ( 1 (>) 

considered  leads  to  awkward  expressions.  Thus,  we  examina  here  only  a 
particular  case,  where  0 = 0,  X(x)  = X0.  Then 


T-t 


By  using  (16),  after  certain  simple  calculations  we  will  get: 


(17) 


g (T,  0)  = (l-  -r)'e-*-'  + ikr  [sir  (e"4^r",)_1)  +-1_ 


Prom  (17),  when  T 


we  get  the  autocorrelation  function  of 
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the  studied  signal  in  the  form  of 

g (t,  0)  = e~4X*t, 

which  is  the  well  known  result  of  [7]. 


CONCLUSION 


1.  As  the  anoiguity  function  for  random  signals  we  should 
generally  use  the  expression 

CO 

g (9,  0)  = -1  In  J e«<0.  p (S)  dS. 

— oo 

2.  If  the  unknown  parameters  are  range  and  target  velocity,  then 


e (T.  Q)  = -J  In  / 

— OO 


| r— t 

I f SU)S\t+x)eiQldt 

I 0 


p (S)  dS. 


3.  In  the  case  where  the  autocorrelation  function  of  the  signal 
rapidly  declines  to  zero  as  the  argument  grows,  it  is  possible  to  use 
an  approximate  formula  as  the  ambiguity  function: 


where 


g (t,  Q)  = |u2  + u*H-o2  + ol  + ( vo0+roau)'  j, 


« + /»=  { 5 (/)  S*  (/  + t)  e'a,dt. 
0 
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APPEN  DIX 

Let  us  show  that  of  and  of  have  an  order  of  magnitude  of  r. 

For  convenience  let  us  switch  to  references  at  intervals  of  At  - 
1/2F,  where  2F  is  the  width  of  the  spectrum  of  the  stuiied  signal. 
Then 

n 

1 V* 

u=  w 2u 

t— i 

Q 

where  «f  =S/S/+mcos  f ^ , n=B— m— I,  m=2/rt,  B=2FT  is  the  signal  base.  Consequently 

n n 

y v Rip  Vi  . 

<■=  i /“i 

Here  tf//  is  the  correlation  coefficient  between  “<  and  u/;  ; of  is 
the  dispersion  of  random  quantity  u j.  . For  signals  which  can  be 
realized  in  practice  the  following  limitation  is  natural 

of<  C<  oo. 


Then 


n n 


Since  for  the  selected  class  of  signals  /?//-►  0 and  |i— for  any 
value  *>0  , no  matter  how  small,  when  |f— j\>N  ve  yet  l*</l<*  (for 
definition  we  will  assume  that  e<  1/n) • This  means  that  in  the 
matrix  !!/?</  II.  containing  n*  elements  not  more  than  (2N  ♦ 1|  n elements 
exceed  £,  and  the  remaining  are  smaller  than  6-  From  tnis  it  follows 
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that 


lnh+n  (: 2N+\)(\-t)]<.  ~[n  + n (2N+\)), 


i.e.  , when  n->°°  vH-*00  - 
order  of  magnitula  of 
°l~T. 


no  faster  than  n,  this  leans  * hat  his  the 

T.  It  is  precisely  this  way  that  we  prove  that 
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